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Elasticity solutions are presented for bending and thermal deformations of functionally graded beams with various end
conditions, using the state space-based diﬀerential quadrature method. The beams are assumed to be macroscopically iso-
tropic, with Young’s modulus varying exponentially along the thickness and longitudinal directions, while Poisson’s ratio
remaining constant. The state space method is adopted to obtain analytically the thickness variation of the elastic ﬁeld and,
when coupled with diﬀerential quadrature, the longitudinal discretization can be analyzed in an approximate manner. This
approach is then validated by comparing the numerical results with the exact solutions for a special functionally graded
beam and with ﬁnite element solutions. The inﬂuences of material gradient indices on the response of bi-directional func-
tionally graded beams are ﬁnally investigated.
 2007 Elsevier Ltd. All rights reserved.
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Functionally graded materials (FGMs), a new generation of advanced composite materials, possess contin-
uous, and smooth spatial variations of macroscopic properties such as heat conductivity, elastic modulus,
mass density, etc. This is achieved by controlling the volume fraction, sizes, and shapes of material compo-
nents during manufacturing. The original application of FGM is for thermal barrier systems (Koizumi,
1997), which are composed of heat-resisting ceramic and fracture-resisting metal with smooth transition of
material properties, thus reducing cracking and delamination often observed in conventional layered systems.
There have been increasingly many modern engineering applications of FGMs, such as aircraft fuselages,0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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details about FGMs are well documented by Suresh and Mortensen (1998) and Miyamoto et al. (1999).
Along with increasing applications of FGMs, new methodologies for predicting their mechanical and ther-
mal behavior have been experiencing a parallel development during the past two decades. One of the most
favorable models for FGMs is the exponential law model, in which material properties of FGMs are assumed
to vary exponentially about spatial coordinates. This model has been well proved convenient to obtain exact
solutions for elasticity problems. For example, such model was widely applied for determining crack tip
behavior of functionally graded elastic bodies (Delale and Erdogan, 1983; Noda and Jin, 1993; Jin and Batra,
1996). Sankar (2001) presented an exact elasticity solution for a simply supported FGM beam, in which the
Young’s modulus varies exponentially in the thickness direction. Similar assumption of material properties
were also adopted for the exact analyses of thermal stresses of FGM beams (Sankar and Tzeng, 2002),
FGM piezoelectric plates (Zhong and Shang, 2003), and laminated functionally graded materials (Chang
and Tarn, 2007). These exact or analytical solutions are generally regarded as the benchmarks for validating
various simpliﬁed theories and numerical methods.
It is noted that most of the above analyses are related to FGMs with material properties varying in one
direction. However, there are practical occasions which require tailored grading of macroscopic properties
in two or three directions. As reported by Steinberg (1986), the fuselage of an aerospace craft undergoes an
extremely high temperature ﬁeld with excessive temperature gradient on the surface and through the thickness,
when the plane sustains ﬂight at a speed of Mach 8 and at an altitude of 29 km. In this circumstance, the con-
ventional unidirectional FGMs may not be so appropriate to resist multi-directional severe variations of tem-
perature. Therefore, it is of great signiﬁcance to develop novel FGMs with macroscopic properties varying in
two or three directions (2D or 3D FGMs) to withstand a more general temperature ﬁeld.
In fact, various mechanical and thermal behaviors of 2D or 3D FGMs were also intensively concerned dur-
ing the past two decades. For example, Dhaliwal and Singh (1978) determined the stress state in an inﬁnite
non-homogeneous elastic medium containing Griﬃth crack due to shear forces. In their work, the modulus
of rigidity was assumed varying exponentially in lateral and vertical directions of the medium. A similar var-
iation of shear modulus was later assumed by Delale and Erdogan (1983) and Clements et al. (1997) for crack
problems. Aboudi et al. (1996a,b) proposed a higher-order micro-mechanical theory for thermoelastic/-plastic
problems of 2D FGMs. In their analysis, stiﬀness coeﬃcients are computed directly from the micro-mechan-
ical level rather than using the homogeneous elastic constants and geometric size. Subsequently, they extended
the method to thermoelasticity of 3D FGMs (Aboudi et al., 1999). Few years later, Nemat-Alla (2003) used a
ﬁnite element model to determine thermal stresses in aerospace shuttles and craft. He found that the introduc-
tion of 2D FGMs enables more reduction of thermal stresses as long as appropriate gradient parameters are
selected. Recently, heat conduction problems of 2D FGMs were considered by Sutradhar and Paulino (2004)
using boundary element method and by Kuo and Chen (2005) with Green’s functions. Green’s functions were
also derived to give elasticity solutions for two-dimensional unbounded spaces (Chan et al., 2004) with the
shear modus functionally graded in two directions. Exponential variation of material properties were adopted
in these three reports. There are very limited analyses for problems of multi-directional FGMs with bounded
domains to the best knowledge of the authors. In this regard, Qian and Ching (2004) presented the numerical
solutions using the meshfree local Petrov–Galerkin method for static, free and forced vibrations of a cantilever
beam with material properties obeying a power-law in two directions, while Goupee and Vel (2006) recently
conducted an optimization analysis of natural frequencies for 2D FGM beams using the element-free Galerkin
method wherein the Mori–Tanaka scheme is applied to homogenize the graded material.
Obviously analytical solutions for 2D FGMs or 3D FGMs are very complicated and it is rather diﬃcult to
derive in practical engineering application even for exponentially varying material properties. Most relevant
analyses are implemented using numerical techniques, such as the micro-mechanical approach (Aboudi
et al., 1996a,b, 1999), ﬁnite element method (FEM) (Nemat-Alla, 2003), boundary element method (Sutradhar
and Paulino, 2004), fast Fourier transform (Chan et al., 2004), and Galerkin method (Qian and Ching, 2004;
Goupee and Vel, 2006), etc. The diﬀerential quadrature method (DQM) has been proved very eﬃcient for pre-
dicting mechanical behaviors of FGMs, such as the static and thermal deformations, free and forced vibra-
tions, non-linear problems, etc. (Kitipornchai et al., 2004; Yang et al., 2006; Wu et al., 2007). Details of
DQM can be found in a review paper (Bert and Malik, 1996) and a monograph (Shu, 2000).
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tion of 2D FGM beams with various end conditions. The beam is assumed macroscopically isotropic with a
constant Poisson’s ratio, while the Young’s modulus and thermomechanical properties vary exponentially in
two orthogonal directions. The solutions are to be derived using the state space-based DQM, which is a hybrid
method recently proposed by Chen et al. (2003) for composite laminated beams and employed subsequently
for functionally graded beams (Lu¨ and Chen, 2005; Lu¨ et al., 2006). The DQM is employed to approximate
longitudinal eﬀects of the beam while the state space method (SSM) is used to express exactly the through-
thickness behavior. The present method for 2D FGMs is validated by comparing the results obtained using
the bilinear rectangle ﬁnite elements (Cook et al., 2002). Finally, the eﬀects of gradient indices on the defor-
mation and stress distribution in the 2D FGM beams are investigated and discussed.
2. Theoretical formulations
2.1. Basic equations
Consider a rectangular-sectioned beam with length L and thickness H. The beam is assumed in a state of
plane stress. In a Cartesian coordinate system, the x-axis is aligned with the longitudinal axis and the z-axis
with the thickness direction of the beam, and that 0 6 x 6 L and 0 6 z 6 H. In the absence of body forces, the
governing equilibrium equations are given byorx
ox
þ osxz
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¼ 0; osxz
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¼ 0: ð1ÞThe constitutive relations for two-dimensional thermoelasticity arerx
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>;bt: ð2ÞHere, E  E(x,z) is the coordinate-dependent Young’s modulus, m the constant Poisson’s ratio, b  b(x,z) the
thermomechanical coupling coeﬃcients, and t  t(x,z) the temperature diﬀerence with a zero reference
temperature.
The two ends of the beam (x = 0 and x = L) are subjected to any combinations of the following boundary
conditions,Simply supported end ðSÞ : rx ¼ 0; w ¼ 0;
Clamped end ðCÞ : u ¼ 0; w ¼ 0;
Free end ðF Þ : rx ¼ 0; sxz ¼ 0:
ð3ÞFurther, the top and bottom surfaces are subjected to the following lateral boundary conditions,rzðx; 0Þ ¼ rzbðxÞ; sxzðx; 0Þ ¼ sxzbðxÞ; at z ¼ 0; ð4aÞ
rzðx;HÞ ¼ rztðxÞ; sxzðx;HÞ ¼ sxztðxÞ; at z ¼ H : ð4bÞConventionally, the set of equations above establishes a classical two-dimensional thermoelastic problem with
prescribed boundary conditions in Eqs. (3) and (4).
2.2. State equation for 2D FGM beams
In this analysis, the material properties are assumed to vary exponentially along the longitudinal and thick-
ness directions, that isEðx; zÞ ¼ E0ej1xþj2z; bðx; zÞ ¼ b0ec1xþc2z; ð5Þ
where E0 and b0 are constants, while j1 and j2 (c1 and c2) are the material gradient indices along the x and z
axes, respectively.
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stress components are normalized asðrx; rz; sxzÞ ¼ G0ej1Lnþj2Hfðrn; rf; snfÞ; ð6Þ
where n = x/L and f = z/H are the non-dimensional coordinates, and G0 = E0/2(1 + m). Introducing Eq. (6)
into Eqs. (1) and (2), one getss
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>;b0tep1Lnþp2Hf; ð8Þwhere u ¼ u=H and w ¼ w=H are the normalized displacements, s = H/L the aspect ratio, pi = ci  ji
(i = 1,2), and b0 ¼ b0=G0.
According to the SSM, Eqs. (7) and (8) can be reduced to a series of simultaneous ﬁrst-order partial dif-
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777775:Besides the state equation which governs the state variables, the induced variable is determined byrn ¼ mrf þ 2ð1þ mÞs ouon ð1 mÞ
b0tep1Lnþp2Hf: ð10Þ3. Implementation of DQM and semi-analytical solutions
3.1. Principle of DQM and its applications
Generally, it is rather diﬃcult to derive an analytical solution for Eq. (9) due to the nature of bi-directional
non-homogeneity. In this circumstance, the DQM is employed to translate Eq. (9) into an ordinary diﬀerential
equation. First, the procedure of diﬀerential quadrature is brieﬂy reviewed.
According to Shu (2000), the principle of DQ technique is stated as follows: for a continuous function f(n)
deﬁned in an interval n 2 [0,1], its nth order derivative about the argument n at an arbitrary given point ni can
be approximated by the linear sum of weighted function values of f(n) at all the discrete points within the inter-
val n 2 [0,1]. This principle can be mathematically expressed as
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gðnÞik f ðnkÞ; ð11Þfor i = 1,2, . . . ,N and n = 1,2, . . . ,N  1, in which N is the total number of discretization sampling points, and
gðnÞik are the weighted coeﬃcients determined by the coordinates of the discrete points ni (i = 1,2, . . . ,N). Ex-
plicit expressions of gðnÞik are presented systematically in Shu (2000) and they are omitted here for brevity.
Applying the DQ rule in Eq. (11) to the partial derivatives with respect to n on the right-hand side of Eq.
(9), the state equation at ni (i = 1,2, . . . ,N) is obtained asdrf;i
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gð1Þik uk  ð1 mÞb0ep2Hfep1Lni ti: ð13ÞAssemblage of state equations at all discrete points gives the global state equation in a condensed matrix form
asd
df
dðfÞ ¼ AdðfÞ þ BðfÞtðfÞ: ð14ÞHere, dðfÞ ¼ ½rTf uT wT sTnfT is the global state vector, in which rf, u, w, and snf are composed of the state
variables at all discrete points along the axial line at the level of f, while t(f) is a temperature vector obtained in
a similar manner. The coeﬃcient matrices are obtained asA ¼
j2HI 0 0 ðj1HIþ sgð1ÞÞ
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7775;where gðnÞ ¼ ½gðnÞik  is the coeﬃcient matrix, I is the unity matrix of N · N, and K is a diagonal matrix deﬁned by
K ¼ diag½ep1Hn1 ; ep1Hn2 ; . . . ; ep1HnN .
In the framework of DQ, the end conditions in Eq. (3) are expressed as
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C : ui ¼ 0; wi ¼ 0;
F : rn;i ¼ 0; snf;i ¼ 0;
ð15Þfor i = 1 or i = N. The traction conditions on the lateral surfaces, Eq. (4), becomerfð0Þ ¼ rfb; snfð0Þ ¼ snfb; at f ¼ 0;
rfð1Þ ¼ rft; snfð1Þ ¼ snft; at f ¼ 1:
ð16Þ3.2. Semi-analytical solutions
A unique solution for Eq. (14) for a beam with prescribed end conditions in Eq. (15) can be obtained by
imposing all end conditions. For simply supported or free end condition, it is obviously from Eq. (15) that one
of the end conditions is not expressed in state variables but rather the induced variable which is not contained
in Eq. (14). Therefore, the condition rn,i = 0 should be expressed in terms of the state variables using Eq. (13)
asmrf;i þ 2ð1þ mÞs
XN
k¼1
gð1Þik uk  ð1 mÞb0ep2Hfep1Lni ti ¼ 0; ð17Þfor i = 1 or i = N. To distinguish from Eq. (14), the state equation considering all end conditions is denoted in
the form ofd
df
deðfÞ ¼ AedeðfÞ þ BeðfÞtðfÞ; ð18Þwhere the subscript ‘e’ denotes the modiﬁed matrix or unknown vector taking account of the end conditions.
According to the theory of matrix operation, the general solution to Eq. (18) isdeðfÞ ¼ efAedeð0Þ þ pf; ð19Þ
where the inhomogeneous term pf is the thermal loading vector deﬁned bypf ¼
Z f
0
eðfsÞAeBeðsÞtðsÞds: ð20ÞThe integral in Eq. (20) is implemented via numerical quadrature in the present work. Eq. (19) establishes the
transfer relation from the state vector on the bottom surface to that at an arbitrary level f of the beam by the
exponential matrix of efAe . Setting f = 1 in Eq. (19) gives rise todeð1Þ ¼ Tdeð0Þ þ p1; ð21Þ
where T ¼ eAe is the global transfer matrix, and p1 is obtained by setting the upper bound of integration to
unity in Eq. (20). For further derivation of the ﬁnal governing equation, Eq. (21) is partitioned into the
sub-matrix form asrfð1Þ
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wð1Þ
snfð1Þ
8>><
>>:
9>>=
>>;
e
¼
T11 T12 T13 T14
T21 T22 T23 T24
T31 T32 T33 T34
T41 T42 T43 T44
2
6664
3
7775
rfð0Þ
uð0Þ
wð0Þ
snfð0Þ
8>><
>>:
9>>=
>>;
e
þ
p1;1
p1;2
p1;3
p1;4
8>><
>>:
9>>=
>>;
; ð22Þwhere Tij are sub-matrices of T, and p1,i is the partitioned vector of p1. Considering the traction conditions on
the lateral surfaces in Eq. (16), the following set of equation is extracted from Eq. (23),rft
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is apparent that, for static bending, there exists p1 = 0, and then the solution isTable
Comp
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; ð24Þwhile the thermal deformation for traction-free conditions isuð0Þ
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 1 p1;1
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( )
: ð25ÞThe displacement vectors on the bottom surface are expressed in Eqs. (24) or (25). Combining these equations
with the traction conditions on the same surface and substituting into the general solution, Eq. (19) yields the
state vector at an arbitrary coordinate f.
It is worth pointing out that numerical instabilities tend to occur for beams with high aspect ratios or for
large number of discrete points. To overcome this diﬃculty, the joint coupling matrices method (Nagem and
Williams, 1989) will be employed in the numerical analysis in a manner similar to the treatment of thermal
stresses in thick FGM beams (Lu¨ et al., 2006).
4. Numerical examples
In this section, several numerical examples for 2D FGM beams are presented to illustrate numerical con-
vergence and accuracy of the method. The eﬀects of gradient indices on the mechanical behavior of 2D FGM
beams are then investigated and discussed. The length of the beam is taken as 100 mm and the thickness as
10 mm. Unless stated otherwise, the gradient indices in Eq. (5) are taken as j1 = 16 and j2 = 230 so that
the Young’s modulus satisﬁes E(L,z) = 5E(0,z) and E(x,H) = 10E(x, 0). The thermomechanical coupling
coeﬃcient b is assumed varying in the same manner as E(ci = ji). In this work, b0 is deﬁned by
b0t0 = 10
4E0/(1  m) with t0 = 100 K. The beam is subjected to a distributed load rt(x) = q(x) on the top
surface for bending, or to a bi-directionally non-uniform temperature ﬁeld in the form oftðx; zÞ ¼ tðxÞek2z: ð26Þ
The Poisson’s ratio in the examples is taken as m = 0.25.1
arisons of the semi-analytical results of normalized displacements and stresses with exact solutions and FEM results for an SS beam
, EH = 10E0, k2 = j2, ci = ji)
Sinusoidal pressure Thermal loads
103w L2 ; 0

 
rx L2 ; 0

 
sxz 0; H2

 
103w L2 ; 0

 
rx L2 ; 0

 
100sxz 0; H2

 
t semi-analytical results
5 4.1340 27.058 4.4018 9.8220 1.5651 6.5176
7 4.0942 26.922 4.4534 9.7720 1.5648 6.6016
9 4.0942 26.922 4.4527 9.7720 1.5648 6.6002
11 4.0942 26.922 4.4527 9.7720 1.5648 6.6003
13 4.0942 26.922 4.4527 9.7720 1.5648 6.6003
ct 4.0942 26.922 4.4527 9.7720 1.5648 6.6004
results (bilinear rectangular plane element)
Nz
10 3.5906 23.695 3.3132 8.6663 0.9929 14.8840
0 3.9500 26.136 4.1244 9.5200 1.4081 0.2593
10 4.0506 26.820 4.3527 9.7590 1.5249 3.8500
· 10 4.0698 26.950 4.3962 9.8045 1.5472 4.6334
· 20 4.0656 26.932 4.4132 9.7710 1.5459 5.6403
· 20 4.0724 26.977 4.4285 9.7870 1.5537 5.9152
· 20 4.0755 26.999 4.4356 9.7944 1.5573 6.0427
Nx and Nz are the element numbers adopted in x and z directions, respectively.
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First, consider a conventional unidirectional FGM (j1 = c 1 = 0) SS beam subjected to a sinusoidal distrib-
uted load q(x) = q0 sin (px/L) or to a temperature ﬁeld expressed in Eq. (26) with t(x) = t0 sin (px/L) and
k2 = j2. The plane strain problem of such a beam was solved exactly by Sankar and his associates (Sankar,
2001; Sankar and Tzeng, 2002). Here, the corresponding plane stress problem is considered to validate this
semi-analytical method.
For such a beam, exact solutions can be obtained from Eq. (9) by setting j1 = c1 = 0 and expanding the
displacements and stresses into trigonometric series about the x-coordinate (Sankar, 2001). Table 1 presents
the semi-analytical solutions for non-dimensional displacement w ¼ w=H , and stresses ðrx;sxzÞ ¼ ðrx; sxzÞ=q0
or ðrx;sxzÞ ¼ ðrx; sxzÞ=b0t0, for diﬀerent values of N. Exact solutions are also listed for comparison. For
N = 9, it is observed that all bending results using this semi-analytical method are in excellent agreement with
the exact solutions to the same signiﬁcant ﬁgures presented in the table. For thermal deformation, the agree-
ment is also excellent although to a lower level. Comparatively, the convergence rate for shear stress is a little
slower than that of transverse displacement and normal stress. In general, the semi-analytical method here
exhibits high convergence rate and excellent accuracy for predicting displacement and stresses of FGM beams.
It is stated above that the analytical solutions for 2D FGM beams are rather diﬃcult to obtain. Hence,
FEM solutions will be used for comparison in the following examples. As a precaution, the eﬃciency of
FEM is ﬁrst veriﬁed with conventional FGMs. Here the bilinear rectangle plane element (Cook et al.,0 0.5 1
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Fig. 1. Comparison of longitudinal distribution of transverse displacements and through-thickness distribution of axial normal and
transverse shear stresses obtained using the semi-analytical method (solid line) and FEM with bilinear rectangle element (circle marker) for
(a–c) CC, (d–f) SS, and (g–i) CF beams subjected to uniform pressure.
266 C.F. Lu¨ et al. / International Journal of Solids and Structures 45 (2008) 258–2752002) for the plane stress problem is adopted. Each element in the FEM simulation is treated as homogeneous
by referring to the material properties at the center point. The FEM results using diﬀerent grid meshes are
given in Table 1. It is also observed that the semi-analytical solutions here compare well with the FEM results.
Next, consider a 2D FGM beam subjected to a uniform pressure q(x) = q0 or to a temperature ﬁeld as
described by Eq. (26) with tðxÞ ¼ t0ek1x and k1 = 6.9 such that t(L,z) = 2t(0,z). In order to achieve a smooth
deﬂection curve, the sampling point number is taken as N = 17 for the subsequent examples. The midline-30 -20 -10 0 10
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Fig. 2. Comparisons of through-thickness distribution of axial normal and transverse shear stresses obtained using the semi-analytical
method (solid line) and FEM with bilinear rectangle element (circle marker) for (a and b) CC, (c and d) SS, and (e and f) CF beams
subjected to uniform pressure.
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cross sections of CC, SS, and CF beams are plotted in Figs. 1 and 2 (solid line). The FEM results using
200 · 20 grid mesh are also presented for comparison (circle marker). It is veriﬁed that the present results
are generally identical to the FEM results except the transverse shear stresses in the vicinity of the lateral sur-
faces where signiﬁcant deviation is observed. According to the present lateral boundary conditions, it can be
established that the FEM results are not reliable because no shear stresses are present on the surfaces. Figs. 3
and 4 exhibit the comparisons of midline deﬂections, and axial normal and transverse shear stresses on diﬀer-
ent cross sections of CC, SS, and CF beams subjected to thermal deformation. The present results (solid line)
again agree well with the FEM results (circle marker). In contrast to the shear stresses in the previous case, the
axial normal stresses in the vicinity of the upper surface for SS and CF beams are in signiﬁcantly disagreement
from each other. For both bending and thermal deformation, the deviation above is mainly due to the
through-thickness homogeneous properties in each element assumed in the FEM simulation.
From the convergence and eﬃciency studies above, with respect to the conventional FEM using bilinear rect-
angle element for 2DFGMbeams, it is established that the presentmethod is signiﬁcantly advantageous for being
able to achieve faster convergence and higher precision for stresses, especially in the vicinity of lateral surfaces.4.2. Bending due to uniform pressure
The inﬂuences of gradient index j1 on the deﬂection curves of 2D FGM beams under uniform pressure are
investigated here. Fig. 5 shows the deﬂection curves of CC and SS beams for diﬀerent j1. As observed, the0 0.5 1
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Fig. 3. Comparisons of longitudinal distribution of transverse displacements and through-thickness distribution of thermal stresses at the
mid-span obtained using the semi-analytical method (solid line) and FEM with bilinear rectangle element (circle marker) for (a–c) CC,
(d–f) SS, and (g–i) CF beams subjected to two-directionally non-uniform temperature ﬁeld.
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Fig. 4. Comparisons of through-thickness distribution of thermal stresses obtained using the semi-analytical method (solid line) and FEM
with bilinear rectangle element (circle marker) for (a–b) CC, (c–d) SS, and (e–f) CF beams subjected to two-directionally non-uniform
temperature ﬁeld.
268 C.F. Lu¨ et al. / International Journal of Solids and Structures 45 (2008) 258–275deﬂection curves are symmetric with respect to the mid-span when the beams are homogeneous in the x-direc-
tion (j1 = 0 with solid line). However, the maximal deﬂection moves toward the left end as the gradient index
increases to j1 = 16 (dash-dot line) and j1 = 23 (dotted line). This point is consistent with physics that, with
increasing j1, the bending rigidity of the right half of the beam becomes lager than that of the left half and,
hence, the right half undergoes smaller deﬂection than the left half.
The through-thickness variation of the axial normal and transverse shear stresses of a CC beam for diﬀerent
j1 are plotted in Fig. 6. It is obvious that changes in j1 has more signiﬁcant eﬀect on the transverse shear stress
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Fig. 5. The eﬀects of gradient index j1 on deﬂection of (a) CC and (b) SS beams subjected to uniform pressure: solid line for j1 = 0, dash-
dot line for j1 = 16, and dotted line for j1 = 23 (j2 = 230).
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Fig. 6. Through-thickness distribution of (a) axial normal stress and (b) transverse shear stress at the mid-span of a CC beam subjected to
uniform pressure for diﬀerent j1: solid line for j1 = 0, dash-dot line for j1 = 16, and dotted line for j1 = 23 (j2 = 230).
C.F. Lu¨ et al. / International Journal of Solids and Structures 45 (2008) 258–275 269than on the axial normal stress. No transverse shear stress occurs at the mid-span when j1 = 0. It agrees with
the physical sense that all beam properties including geometry, elastic properties, and loadings are symmetric
about the mid-span, hence the symmetry distributions of deformations and stresses about the mid-span. On
the other hand, the transverse shear stresses at the mid-span increases gradually when inhomogeneity in the
x-direction becomes increasingly severe.
Fig. 7 shows the through-thickness distribution of stresses for j1 = 16 and diﬀerent j2. From Fig. 7a, the
curve of normal stress is concave when the pressure is asserted on the softer side (j2 = 161 with dash-dot
line), a straight line when the beam is homogeneous through-thickness (j2 = 0 with solid line), and convex
when the pressure is applied on the harder side (j2 = 161 with dotted line). Further comparison indicates that
the curve for j2 = 161 are almost symmetric to that for j2 = 161 with respect to the point of zero stress with
j2 = 0 (intersection of the cross section and the midline). From Fig. 7b, it is observed that the transverse shear
stress attains maximum approximately at the neutral axis of the beam.4.3. Thermal deformation
The eﬀects of end conditions, temperature ﬁeld, and gradient indices c1 on thermal stresses of 2D FGM
beams are discussed in this subsection. The beams with diﬀerent material properties are depicted in Fig. 8.
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Fig. 7. Through-thickness distribution of (a) axial normal stress, and (b) transverse shear stress at the mid-span of CC beam subjected to
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Fig. 8. Lay-out of three 2D FGM beams with diﬀerent variations of materials properties to be considered in Figs. 9 (Beam I), 10 (Beam
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270 C.F. Lu¨ et al. / International Journal of Solids and Structures 45 (2008) 258–275For convenience, the beams are labeled as Beam I (Fig. 8a), Beam II (Fig. 8b), and Beam III (Fig. 8c). Note
that the temperature ﬁeld for Beam II is taken as tðx; zÞ ¼ 20t0ek1xþk2z, while the Young’s modulus of Beam III
is in the form of Eðx; zÞ ¼ 50E0ej1xþj2z and the thermomechanical coeﬃcients bðx; zÞ ¼ 50b0ec1xþc2z. Material
properties are assumed in these forms so that all stresses are normalized with the same quantity b0t0, thus
enabling direct comparison for thermal stresses. Figs. 9–11 present the through-thickness distributions of ther-
mal stresses for CC, SS, and CF beams when the gradient index c1 equals to 0, 0.05c2, and 0.1c2, respectively.
For a given beam in Fig. 8, it is seen from Figs. 9–11 that the eﬀects of thermal stresses for the CC beams
are more signiﬁcant than that for the SS and CF beams especially for Beam I. Moreover, for each value of c1,
ﬁbers in the CC beams due to thermal loads (positive temperature diﬀerence in the present work) are all com-
pressed along the thickness direction, except for Beam I that bears slight tension in the vicinity of the bottom
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Fig. 9. Thermal deﬂections and stresses of (a–b) CC, (c–d) SS, and (e–f) CF beams (Beam I) subjected to two-directionally non-uniform
temperature ﬁeld for diﬀerent c1: solid line for c1 = 0, dash-dot line for c1 = 0.05c2, and dashed line for c1 = 0.1c2.
C.F. Lu¨ et al. / International Journal of Solids and Structures 45 (2008) 258–275 271surface for c1 = 0.05c2 and c1 = 0.1c2 (see Fig. 9a). All transverse shear stresses for the SS and CF beams
change signs from the upper part of the beam to the lower part, but those for the CC beams experience no
sign change along the thickness direction. Comparison of Figs. 9–11 shows that stresses in the three beams
with SS and CF conditions are almost identical. The signiﬁcant diﬀerence in thermal behavior is mainly related
to the fact that stretching in the CC beams due to positive temperature diﬀerence is greatly constrained by the
clamped end while that in the SS/CF beams is not.
From Fig. 8 it is noted that the thermomechanical coeﬃcients vary along two coordinate axes in a similar
ascending manner as the temperature ﬁeld in Beam I. However, the case is opposite for Beam II. Figs. 9 and 10
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Fig. 10. Thermal deﬂections and stresses of (a–b) CC, (c–d) SS, and (e–f) CF beams (Beam II) subjected to two-directionally non-uniform
temperature ﬁeld for diﬀerent c1: solid line for c1 = 0, dash-dot line for c1 = 0.05c2, and dashed line for c1 = 0.1c2.
272 C.F. Lu¨ et al. / International Journal of Solids and Structures 45 (2008) 258–275show that the thermal stresses in Beam I are more signiﬁcant than that in Beam II, indicating it feasible to
select an appropriate distribution of material properties so as to reduce thermal stresses. It is also convinced
that stresses increase gradually with gradient index c1. On the contrary, increasing c1, i.e. making b(x,z) vary
more severely along the x axis, reduces thermal stresses in Beam III (Fig. 11). It should be mentioned that the
thermomechanical coeﬃcient b(x,z) in Beam III is not the same as that in Beam II. An interesting phenom-
enon observed from Figs. 10 and 11 is that the signs of transverse shear stresses are rather diﬀerent with
respect to the conventional unidirectional FGM beams (c1 = 0) and 2D FGM beams (c15 0).
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Fig. 11. Thermal deﬂections and stresses of (a–b) CC, (c–d) SS, and (e–f) CF beams (Beam III) subjected to two-directionally non-uniform
temperature ﬁeld for diﬀerent c1: solid line for c1 = 0, dash-dot line for c1 = 0.05c2, and dashed line for c1 = 0.1c2.
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Semi-analytical elasticity solutions for static bending and thermal deformation of bi-directional function-
ally graded (2D FGM) beams are presented using a hybrid state space-based diﬀerential quadrature method.
The problem is analytically solved along the thickness using the state space approach while the DQ technique
274 C.F. Lu¨ et al. / International Journal of Solids and Structures 45 (2008) 258–275is applied to approximately model the problem along the longitudinal direction. The hybrid SSM and DQM
enables the boundary conditions to be treated point by point along the thickness direction at the end section
with the direct use of state variables, and hence the Saint-Venant principle is not required at all in the present
analysis.
Numerical comparisons are presented to validate the convergence and accuracy of the present method. The
eﬀects of gradient indices on the mechanical behavior of 2D FGM beams are investigated in several numerical
examples. It is established that introducing material inhomogeneity along the axial direction aﬀects the deﬂec-
tion of the beam to a great extent. Appropriate selection of material properties against temperature load is
able to reduce thermal stresses which should be as smaller and more uniform as possible in some practical
occasions. Numerical investigation also illustrates its ability to reduce thermal stresses by introducing bi-direc-
tional functionally graded properties instead of the conventional unidirectional functionally graded materials.
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